Although the automorphism group of a projective plane of order 10, if one exists, must be very small, such a plane could be the derived design of a Steiner system S(3, 12, 112) with a larger group. There are several reasons why the Frobenius group of order 56 is a promising candidate for the latter group. However, in this paper it is shown that there is no S(3, 12, 112) which is fixed by this Frobenius group.
1. INTR~OUCTION It is not known if a projective plane of order 10 exists; however, if one does exist its automorphism group must have order 1 or 3 [l, 171. A plane with such a small group is difficult to analyze. It is possible, however, that this plane arises as the derived design of a Steiner system S(3, 12, 112) having a larger group, i.e., that it is a cross section of a nicer object. The possible orders for the automorphism group of a Steiner system S (3, 12, 112 ) are 2', 3 * 2' or 7 . 2', for 0 < i < 4. In particular this group is solvable. There are several reasons for trying to find an S (3, 12, 112) which is fixed by the Frobenius group of order 56. (i) This group is a promising candidate to try since any Desarguesian aftine plane of order n is fixed by a Frobenius group (namely, the group of order n(n -1) consisting of the mappings x t+ ax + b, a # 0 [ 16, p. 521) . (ii) The 112 points of the Steiner system can be identified in a natural way with two copies of the Frobenius group, as we shall see, thus giving an auspicious start to the construction. (iii) Once this case is eliminated it can be assumed that the Sylow 7-subgroup of the automorphism group of any S (3, 12, 112 ) is a normal subgroup.
Our main result is the following.
THEOREM
1. There is no Steiner system S (3, 12, 112) which is fixed by the Frobenius group of order 56.
Several segments of the proof (those assertions stated as propositions) were carried out by computer. In all cases the programs used were simple, and the total computing time (on a Honeywell 6000) was less than 5 hr. The reader would encounter no difftculty in repeating these computations.
In a sequel [ 15 ] it will be shown that there is no S (3, 12, 112) with an automorphism of order 3. Thus the possible orders for the automorphism group of an S (3, 12, 112 ) are now 2' or 7 . 2', with 0 < i Q 4, and any Sylow 7-subgroup is normal.
We remark that in 1973 Guza [9] showed that no S(3, 12, 112) exists with PGL(2, 7) acting transitively on the points. Her result is implied by Theorem 1.
DEFINITIONS AND NOTATION USED IN THE PROOF
We prove Theorem 1 by assuming that such a Steiner system exists and arriving at a contradiction. We first set the stage.
2.1. The Steiner System S Let a = { 1, 2,..., 112}, and let S be a Steiner system S(3, 12, 112) on Q; that is, S consists of 1036 12-subsets of a, called blocks, with the property that any three distinct points of 0 are contained in a unique block (cf. .
The symmetric group on R will be denoted by C,,, . We write permutations on the right, so that if a E R and g E Z,iZ then the image of a under g is ag. If A is a subset of 0 and H is a subgroup of Z,,, then AH denotes the set of images of A by elements of H, while HA is the largest subgroup of H which fixes A. The automorphism group of S consists of all g E z,,z such that Bg E S for all blocks B E S.
The block intersection numbers of S are defined as follows. Let {P i,..., P,,} be a block of S. Then A, is the number of blocks of S which contain P, ,..., Pi and no not contain Pi+,,..., Pl+j, for 0 < i + j < 12. These numbers do not depend on which block is chosen, and are shown in Table I . A, lies at the intersection of the (i + j)th row and the ith antidiagonal.
The last row of the table has the following interpretation.
THEOREM 2 (The 0, 2, 12)-Intersection Property). Any two blocks of S meet in 0, 2 or 12 points.
The Code K
Let K be the binary error-correcting code of length 112 generated by the blocks of S (cf. [2, 12, 131) . Then K c K', by Theorem 2. In fact much more is known about K. Table II. ProoJ For (a), (b), (c) see [13] ; (c) is confirmed by [3, 41. (d) The blocks of S give 1036 codewords of weight 12, and there are no others. For suppose M is a codeword of weight 12 which is not a block of S. Take three points in M. By definition of the Steiner system there is a unique block Thus we may assume that y' = ap, and G is fully determined.
Q.E.D.
For future reference we record two other properties of G. From now on we assume that S is a Steiner system S(3, 12, 112) on a = (1, 2,..., 112}, with an automorphism group which contains a group isomorphic to the Frobenius group G defined in Theorem 4. We use the same letter G to describe this permutation group on 0.
New Names for the 112 Points
No element of G except the identity can fix a point of R, for otherwise the blocks containing that point would form a projective plane of order 10 with an automorphism of order 2 or 7, which is known to be impossible. Thus G is a semiregular group [ 18, p. 81 of order 56 and degree 112, and so has two orbits on 0, by [ 18, Propositions 4.1, 4.21.
If u E L! and v E L? are in distinct orbits of G, then each point of 0 is uniquely of the form ug or vg for g E G. We may write R = R, U R,, where Q,=uG =uEVU~;EVU~~EV..~ VucE, O2 = vG.
Signatures
For each subset A of fi, let sig,(A) = {i E Z/7H 1 A f~ uCE # 0)
be the signature of A with respect to Q,. sig,(A) is defined similarly. Note that if sig,(A) = {a, ,..., ak} then sipI = {a, + i ,..., ak + i), for 0 < i < 6.
The Centralizer of G
We shall make extensive use of the centralizer C and normalizer N of G in z , i2, and we now describe these groups. For each g E G there is an element L,(g) E C which fixes each point of R,, and acts on 0, by (ux)Li(g)= u(gx). Similarly L,(g) E C is 1 on R, and (vx)&(g) = u(gx). Let Gi= (Li(g) / g E G), for i = 1,2, so that (G,, G2) = G, x G, and Gi z G. Finally C contains the involution cr E Z, i2 defined by (ux)a = ux and (vx)a = ux, for x E G. Then the centralizer of G is and is isomorphic to the wreath product of G by a cyclic group of order 2. 
THE MAIN PART OF THE PROOF
We shall make use of the normalizer N as follows: by hypothesis, S = Sg for all g E G. If x E N, then Sx is also an S(3, 12,112) fixed by G. So we shall use N to change S until we have enough control over it to put reasonable questions to the computer. Every G-orbit on S, must belong to Sr;4 or Y&. Now N acts, on 6, and on Y&,. In fact since G fixes each member of&, fl := N/G acts on 5. The first step in our analysis is to determine the orbits of N on s5;., and R&, and to list representatives for these orbits. Proof: Let X= (x1,..., x,} be all the elements x of CE such that ux E f,. By hypothesis, r > 1. Since f, = f, a and a E E, it follows that if ux E f, then uxa E f,, so that xa E X. Thus r = 2s is even, and we may write X= {xl,xIa,xz,xzcf ,..., xsrxsa}.
Suppose s > 2. Then x2 = x, < for some < E E -(a), xi = x2<, and (a, <) is a 4-group. But then By definition of flz8 we have f, = f, <. This mans that G,, has order >2, a contradiction. Thus r = 2. Q.E.D. = Z/72 -(0, 1). Replacing F by FL,(h)t we may assume at the outset that sig,(f,) = Z/72 -{0, 1). Replacing f, by fir for a suitable r E @, y) we may assume that
We next choose h' E G such that f;'L,(h') = (u, ua}. Replacing F by FL,(h') we may assume thatf; = {u, ua}. Since (aj?y)" = a and (a/?y)[' =/I, if we replaceS, byf, L,(a/?y) we replace p3 by p3/3. Thus we may assume that p3 E (7). So there are 2 . 43 choices for f, (namely, 2 choices for p3 and 4 choices each for p4, p5, ~1~). These were tested by the computer to see if the 28 blocks off, G satisfy the (0, 2, 12)-intersection condition. None passed the test, establishing: PROPOSITION 3.6. The Case ) f; I = 6
We are left with the case where sig,V;) and sig,(f,) both have cardinal 3. Using G, and G, we may assume that sig,W;) and sig,df,) both belong to (012, 013, 014, 015, 024}, and that {u, ua} Gf;, {v, ua} c j-l'.
Finally, since a( = p and as2 = y, we may assume that f; = {U-X 1 X E xl5 where X is one of the following:
{1,a.ZU1,C;U,a,r2~2,r2~2a} for p1 E (y),iu2 E Ca, 7).
11, a, rU,, Ciba, C'fi3, C3P3al Table III, where we write f, = uX U uY, with X = X'(a) and Y = Y'(a).
Some of these cases can be eliminated at once using Theorem 3(c). For if sk,(f,) = sig2(fi) = (0, L2}, then Table IV . We define Fi = fiG, where 1 < i < 8 and f;: is the ith 12-set described in Table IV. 3.7. Class@cation of the Members of T4
Since the analysis of &, is much easier than that of X& we merely state the result. Since \I/= 56' u 6, we conclude that there are at most 8 m 56' . 6 members of .Y& to be considered (given in Proposition 11 and Table IV) and 3 . 56'. 6 members of s7;4 (given in Proposition 12). We must now investigate how these G-orbits may be fitted together.
The Oddness Condition
A further condition on the blocks can be obtained from the fact that every 2-subset A of R is contained in precisely 11 blocks (see Table I ). If A = Aa we conclude that an odd number of blocks are fixed by a and contain A.
LEMMA

(The Oddness Condition).
For each orbit A of (a) on ~2, the number of blocks of S, which areflxed by a and contain A is odd.
The following observations make it relatively easy to decide if a candidate for S, satisfies the oddness condition. Note that the orbits of (a) on Q are the sets {ut;b, uc,ua) and {vr'&, &$a1 for i E Z/72, p E (/3,7).
First, consider a G-orbit F E 9&, and a block f E F with f = fa. Thenf, fp, fy, fly are the only members of F which are fixed by a, and if sig i(J) = {a ,,..., ak}, there is just one member of F which is fixed by a and contains Recall from 3.1 that S, contains a members of Fz8 and b = 2c members of T4, with a + c odd. First suppose b = 0. Then S, = E, U ... U E,, with Ei E Fzzs and a odd. We check that no single Fi of Table IV We conclude that a = 3. It was then not difficult to check that to within N-equivalence there are just 3 choices for {E,, E,, E3} which satisfy the oddness condition. The computer then eliminated these cases by proving: PROPOSITION 15 . In each of these three cases the code generated by (E,, E,, E,} contains a vector of weight 8 or 16. Next, suppose S, consists of two G-orbits of size 14, say, E, and E,. The (0,2, 12)-condition between E, and E, may be used as follows. Choose e, E Ei with e, = eia = ei/?. Then sigj(e,) n sigj(e,) = 0 (j= L2),
I skl(el> n sig&, dl + I &(e,) n sk(e, 831 G 1 for all g E G.
This makes it easy to handle the cases E, = P, and E, = P,. and Xi and Yi are one of the 9 possibilities given in Table V . The remaining case is when E, = F, and E, E F,fl. Pick e E E, with e = ea = e/?.
(i) First, assume that sigi(e) has cardinal 2. Then sig,(e) = {k} and, by (3), k # 0. Choose A E N such that EL = RJ. Then FjA = EA2 and sig,(eil') = (-k}. So we may assume that kE {1,2,3).
By (4) Table VI. (ii) This leaves the case where sigi(e) has cardinal 1. In this case, (3) and (4) imply that the possibilities for (sigi(e), sig,(e)) are as shown in Table VII . 16. We conclude that if b = 2 and a = 0 the only possibility for S, is S, = F, U F,o. We return to this case in Section 3.13.
The Case b=2, a>2
The computer was invited to take in succession each of the 35 pairs (E,, E,} and to list all the pairs of elements of 58 which are compatible with each other and with E, and E,. Then by hand it was (rather trivially) verified that the oddness condition of Lemma 13 is never satisfied. The cmputer results also showed that b = 2, a > 4 is impossible, since for no pair (E,, E,} do there exist four pairwise compatible members of *B which are also compatible with E, and E,. Hence: Since a + c is odd, a > 1. The computer printout of the members of Rz8 which are compatible with at least one of the 35 pairs of compatible elements of 64 showed that there are no elements of 3,, which are compatible with a pair (E,, El}, where E,, E, are compatible elements of .Kd with E, = pz. Thus in searching for a 4-set { W,, W,, W,, W,} we may assume that each KJi E P, NV f13',lv.
If W,, W, E I',N then we may take W, = P,, W, = F,a, and there are then no available choices for W,. Thus at most one of W,, W,, W,, W, is in F,N. By multiplying W,, W, and W, on the right by a suitable L2(Ck) we may assume that Now (4) implies that the { yi, zi} are one of the following:
For each of these three possibilities we try to choose x,, x3, x, so that (3) and (4) are satisfied. There are three solutions:
Since L,(a) fixes P, and uC'(a,/3)L,(a) = uC'(a,/3)y, if we are in case (5a) or (5b) we may assume that W, contains t = d(a, P) U f+, P) U d(a, P).
The computer showed that no member of .9& is compatible with F", and (G, so we must be in case (5~).
Since L,(a), L,(a), L#), L,@y)L,(y), y and r all fix W, =i?r, there are six possibilities for (wz, w3, WJ as shown in Table VIII . We have written wi = rOLi U oY,, where Xi = &(a, /I) and Yi = Y:(a, /I).
The computer then established:
PROPOSITION 21. For each of the six cases shown in Table VIII the code generated by W, U W, U W, U W, contains codewords of weight 8 or 16.
(ii) Suppose Wi E P, W for i = l,..., 4. Then (4) implies that not all four wi satisfy 1 sig,(w,)l = 2. case-by-case analysis now shows that it is impossible to choose the sigi(wj) so as to satisfy (3) and (4) . We conclude that s, =F,u&J.
Further analysis is now required, for we must learn something about S,, ( ',:') being too large a number for the computer. for all i,
where the subscripts are to be read modulo 7. From (7) we may deduce that IB'( # 10, IB'I # 12.
To see this, first suppose a, > 3 for some i. Then (7) implies uj Q 1 for all j # i, whence Ck ak = IB' ( < 3 + 6 = 9. On the other hand, suppose ai < 2 for all i and ) B' I = 10 or 12. Then the components of the type of B' are one of the following: However, it is easily checked that in each case there is no way to choose the uifs without violating (7). Thus (8) holds. By symmetry IB" # 10, IB"I # 12.
From (8) and (9) we deduce: LEMMA 22. If B E S, then (I B' 1, I B" I) is one of (8, 4) , (6, 6) or (4, 8) .
If C E S, and C' = C n 0,) C" = C n Q2 with the type of C' equal to 
The Final Step in the Proof
The final step is to show that S, must contain a G-orbit of blocks of a certain kind, but that no such G-orbit satisfies the (0, 2, 12)-intersection property. Table IX .
We now relate the xi and di. For 1 Q i < 19, 1 < j Q 12, let B be any 12-element subset of R with type (B') = ti, and set aij = l{c E G, I l E B', type (Q equivalent to uj}l. Since every 3-subset of 0, is contained in a unique element of either S, or S,, it follows that
G acts semiregularly on S,, so each xi is a multiple of 56. After dividing (10) by 56 and setting yi = xJ56, we obtain 19 1 yiaij = ej, j= l,..., 12.
i=j The values of aij are also straightforward to calculate and are given in Table X . There are three further equations. The first two involve the 3-subsets r of 0 which are in neither Q, nor L?*. For such r, (I<narj, l<nLI,l) is (1, 2) or (2, l), and there are 56( ',") subsets of each kind. For 1 < i < 19, 1 Q v Q 2, let ulU be the number of r with 1 tf7 Q,I = 1 such that < is contained in a 12-subset B of 0 with type (B') = ti. Then Uil = UZO-i. 2 Since y, = 1, there is a G-orbit, BG say, of blocks in S, with type (B') equivalent to t,. Then type (B") is equivalent to t,,, t,, or t,, . For IB'I = 6 implies that type (B") is equivalent to one of t, ,..., t,,; t9,..., t,, do not occur since y9 ,..., y,* = 0; and the next lemma eliminates t, ,..., t,.
LEMMA 26. If B E S, is a block with type (B') = t,, then type (B") does not have a component equal to 3.
Proof: Suppose on the contrary that type (B") is equivalent to t,, t,, t, or 18. We represent subsets of Q, or L!, by the corresponding elements in the group ring HG. For example, B' is represented by an element T, E ZG of the form Tl + q + x3 + t;'P, + t;'P, + C"P,~ (14) where rci, ,u~ E E; and B" is represented by T2 h E ZG, for some h E G, where T, is of the form (14) if type (B") is equivalent to t,, or has a similar expression in the other three cases.
From Thus it is impossible to construct the required set of 56 blocks, and the proof of Theorem 1 is complete.
